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Quantum fluctuations from frustration can trigger quantum spin liquids (QSLs) at zero temperature. How-
ever, it is unclear how thermal fluctuations affect a QSL. We employ state-of-the-art tensor network-based
methods to explore the ground state and thermodynamic properties of the spin-1/2 kagome´ Heisenberg anti-
ferromagnet (KHA). Its ground state is shown to be consistent with a gapless QSL by observing the absence
of zero-magnetization plateau as well as the algebraic behaviors of susceptibility and specific heat at low tem-
peratures, respectively. We show that there exists an algebraic paramagnetic liquid (APL) that possesses both
the paramagnetic properties and the algebraic behaviors inherited from the QSL. The APL is induced under
the interplay between quantum fluctuations from geometrical frustration and thermal fluctuations. By studying
the temperature-dependent behaviors of specific heat and magnetic susceptibility, a finite-temperature phase
diagram in a magnetic field is suggested, where various phases are identified. This present study gains useful
insight into the thermodynamic properties of the spin-1/2 KHA with or without a magnetic field and is helpful
for relevant experimental studies.
Keywords— Kagome´ antiferromagnet, Gapless quantum spin liquid, Algebraic paramagnetic liquid, Finite-
temperature phase diagram.
INTRODUCTION
Quantum spin liquid (QSL) is an exotic state in which the
interactions between spins fail to order the system at temper-
ature even down to zero. Since it was suggested by Ander-
son [1] forty years ago for a possible ground state of the tri-
angular Heisenberg antiferromagnet, QSL has received much
attention in condensed matter physics owing to its likely con-
nection to high-temperature superconductor and topological
phases in quantum magnetism. The search for a QSL has
been attempted over past decades [2]. As a magnetic sys-
tem with low spin, low dimensionality and strong frustration
is usually thought to favor a QSL [1], the spin-1/2 Heisen-
berg antiferromagnet on kagome´ lattice is widely viewed as
the most promising candidate. Nonetheless, after decades of
intensive investigations, a mass of works reveal that, both the-
oretically and experimentally, the spin-1/2 kagome´ Heisen-
berg antiferromagnet (KHA) should be a quantum spin liquid
(QSL) [3], but the nature of its ground state, say, a gapless or
gapped QSL, has still no consensus and is currently actively
debated.
A number of theoretical studies on the spin-1/2 KHA by
density matrix renormalization group (DMRG) [4–8], sym-
metric tensor network state (TNS) [9], etc., tend to give a
gapped Z2 QSL. However, a few inconsistencies exist as well.
For instance, the spinon excitations in a Z2 QSL have not yet
been observed. In addition, a chiral spin liquid (CSL) was also
proposed to this model by adding second and third nearest-
neighbor spin interactions [10, 11]. Since Z2 QSL and CSL do
not belong to the same universality class, possible transitions
by turning on the second and third nearest-neighbor interac-
tions need to be further investigated [12–14]. On the other
hand, there are other works by e.g. variational Monte Carlo
[15–19], and various TNS based algorithms [20, 21], favoring
a gapless QSL. In particular, a recent large-scale DMRG sim-
ulation [22] finds indications for a gapless Dirac spin liquid.
It is obvious that these studies make this issue quite subtle.
On the experimental aspect, the mineral Herbertsmithite
ZnCu3(OH)6Cl2 [23] is usually considered as an ideal model
compound of the spin-1/2 KHA. Earlier inelastic neutron
scattering and Raman spectroscopy [24, 25] as well as ther-
modynamic measurements [23, 26, 27] on Herbersmithite ap-
pear to support a gapless QSL, but a recent NMR study shows
a finite spin gap around 0.03J ∼ 0.07J [28], in favor of a
gapped Z2 QSL. The incompatibility in experiments also re-
mains unsolved, albeit the Dzyaloshinskii-Moriya interaction
is believed to play a role in physics of Herbertsmithite [27, 29–
31].
Besides the ground-state simulations, the finite-temperature
simulations on KHA are equally important, which are, how-
ever, less implemented due to the lack of accurate and effi-
cient methods. There are a few investigations by, e.g., the
high-temperature series expansion [32, 33], low-energy effec-
tive field theory [34–36], projected-wave-function techniques
[15, 19, 36], and Hamsde Raedt method [37, 38]. These ap-
proaches are severely limited by finite sizes or the temper-
ature/energy regime of interest. The finite-temperature sim-
ulations on KHA with tensor network (TN) methods [39–
44], which possess genuine advantages on capturing many-
body features and have achieved great successes on the ground
states, are still lack.
In this work, we utilize the TN-based numerical methods
2with two distinct optimization algorithms to study the spin-
1/2 KHA with high accuracy. Firstly, we study the ground
state and obtain the evidence favoring for a gapless QSL [15].
At low temperatures, the algebraic behaviors of magnetic sus-
ceptibility and specific heat are observed. At certain tempera-
tures, the system is found to exhibit algebraic properties from
the ground-state QSL but is still paramagnetic in the presence
of a small magnetic field. We coin this phase as an algebraic
paramagnetic liquid (APL). The APL can be understood as an
intermediate thermal phase that connects the zero-temperature
algebraic QSL to the high-temperature trivial paramagnetic
phase. We speculate that the APL would generally emerge af-
ter introducing proper thermal fluctuations to a gapless QSL.
By further studying the temperature-dependent behaviors of
the specific heat and susceptibility in magnetic fields, a finite-
temperature phase diagram is firstly suggested for this system.
The phase diagram also reveals an interesting phenomenon
that even when the QSL at zero temperature is frozen by the
magnetic field to a solid state (e.g., a plateau phase), proper
thermal fluctuations could “melt” the system into a liquid-like
APL state.
MODEL AND METHODS
Let us consider the spin-1/2 Heisenberg antiferromagnet on
kagome´ lattice in a magnetic field. The Hamiltonian reads
H = J
∑
<i j>
Si · S j − h
∑
i
S z
i
, (1)
where J is the coupling constant, < i j > stands for the sum-
mation over nearest neighbors, Si is the spin operator on the
ith site, and h is the magnetic field along the z direction. We
assume gµB = 1 (g the Lande´ factor, µB the Bohr magneton)
for simplicity.
We adopt two different tensor network [45–47] methods
such as iPEPS [48] and ODTNS [39] to study this system nu-
merically. To contract the tensor networks of the ground state
and the partition function, two update schemes, cluster update
[49–51] and full update [48, 52, 53], are employed to optimize
the truncation. In the cluster update algorithm, we choose the
unit cell formed by 6 tensors that preserve the symmetry of
the state and use the Bethe approximation to simulate the en-
vironment outside the cluster; in the full update algorithm, we
contract the whole TN by iTEBD [54].
The errors of the TN algorithms come mainly from two
aspects: the truncation error and the error of calculating the
environment that determines the truncation. For example in
the simple update, the environment is calculated by optimally
ignoring all the loops in the original lattice. The cluster up-
date considers all the loops inside the cluster. The full update
provides a more accurate simulation of the environment by
using iTEBD or CTMRG algorithms that approximately con-
sider all the loops. It gives an accuracy higher than the sim-
ple/cluster updates when using the same Dc, the dimension
cut-off of truncating tensors. But the full update is much more
FIG. 1. (Color online) The magnetization per site m versus magnetic
field h/J at low fields. The magnetization vanishes linearly when h/J
tends to zero. Lower inset presents the overall magnetic curve, where
the magnetization plateaus at m/ms = 1/9, 1/3, 5/9, 7/9 (with ms the
saturated magnetization per site) are clearly observed, but zero mag-
netization plateau is absent. Upper inset gives the spin configuration
of the 1/3-magnetization plateau state, in which a singlet hexagon
valence bond state (bold green hexagon) forms with the three spins
at the corner (In our numerical method, we use the translational in-
variance. Each spin at the outer corner is shared by two clusters, so
for each cluster, it contains 9 spins) almost fully polarized. These
results are calculated by the cluster update algorithm with Dc = 10.
time-consuming, and thus, the bond dimension is usually lim-
ited to smaller values than in the cluster update. The sim-
ple/cluster update approximates the environment by the en-
tanglement from a tree-like state, and can access much higher
bond dimensions. More details can be found in a recent re-
view about TN contractions [55].
At finite temperatures, we invoke the tensor product density
operator (TPDO) [39–44] and calculate the relative quantities
by means of the method proposed in Ref. 39. Refer to Sup-
plemental Material for the details of calculating algorithms.
In ground state calculations, the Trotter step τ is taken from
10−1 to 10−5. We can reduce the Trotter error by reducing
the Trotter slice, and here we only need the converged ground
state. In simulations of thermodynamic properties, τ is fixed
to be 10−2. In this case, we start with a high-temperature den-
sity operator at the inverse temperature τ. Then in every step
of the evolution, the TN represents the density operator at the
corresponding temperature, and is used to calculate thermo-
dynamic properties. Therefore, it is more convenient and ef-
ficient to keep τ unchanged during the simulation. In cluster
and full update schemes, we choose a unit cell of nine spins
that comprises of one hexagon and six triangles. The bench-
mark on the ground state energy is given in the Supplemental
Material.
3GAPLESS QUANTUM SPIN LIQUID
The gapless QSL in the ground state is supported by the
behaviors of ground-state magnetization, the low-temperature
specific heat and susceptibility, respectively. Fig. 1 presents
the ground-state magnetization per site m, defined by m =
(1/N)
∑
i〈S
z
i
〉 (with N the total number of lattice sites) as a
function of the magnetic field h. It can be seen that m de-
pends linearly on h at small magnetic fields, i.e., m ∼ hα with
α = 1, and vanishes as h → 0. These results are in accordance
with a U(1) instead of Z2 QSL, consistent with the projected
wave function study [15] and a recent simulation by DMRG
on infinite long cylinders [22]. Note that previous DMRG
calculations on cylinders [4–8, 56] claimed a gapped Z2 spin
liquid with a small gap on this model. There was also a re-
cent work based on the tensor entanglement renormalization
group with symmetry, giving a gapped ground state [9]. The
controversies might be from different restrictions and biases
of these algorithms. For instance, DMRG is only applied to
cylinders and finite-size clusters; and the accuracy of tensor
network methods relies on various update schemes. Hence, it
is strongly demanded to make more investigations other than
simulating the ground state.
In addition, we calculate the overall magnetic curve shown
in the lower inset of Fig. 1. One may see that there are
four plateau states occurring at m/ms = 1/9, 1/3, 5/9, 7/9,
with ms the saturated magnetization per site. The non-zero
plateaus are consistent with the DMRG calculations in Ref.
56 and the ED calculations in Ref. 57. Note that an im-
portant difference is that a narrow zero plateau was observed
in these works, which might be due to the finite-size effects.
Surely, further DMRG or ED simulations are still needed.
The non-zero plateaus can be written in a compact form of
m/ms = (1 − 2ℓ/9), ℓ = 1, 2, 3, 4. For the m/ms = 1/3
plateau state, we observe a ferrimagnetic order as shown in
the upper inset of Fig. 1. It is interesting to note that the
m/ms = 1/9 plateau was observed in a previous DMRG cal-
culation on cylinders, where this 1/9-plateau was claimed to
be a Z3 spin liquid [56]. It is also worth mentioning that for the
m/ms = 1/3 plateau state, the six spins on the hexagon of the
unit cell form a singlet hexagon valence bond state with van-
ishing magnetic moment on each site, while the outer three
spins are almost fully polarized [56, 57] [the upper inset of
Fig. 1]. This is in contrast to an up-up-down spin configura-
tion observed on an infinite Husimi lattice [20].
Besides the absence of zero magnetization plateau, more
solid evidences of the gapless QSL are obtained from the
algebraic behaviors of the temperature-dependent suscepti-
bility χ = ∂m/∂h and specific heat C = ∂U/∂T (with U
the internal energy) at low temperatures. Fig. 2 (a) shows
the temperature-dependence of χ(T ) in zero magnetic field
(h = 0). At high temperatures, our results coincide with the
fifteenth-order HTE calculation [32, 33] under the parameter
Pade [7,8]. For h = 0, χ(T ) can be nicely fitted by a polyno-
mial χ(T ) = 0.13277+0.02096(T/J)+1.20337(T/J)2+O(T 3)
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FIG. 2. (Color online) The susceptibility χ (a) and specific heat C (b)
as a function of temperature T for the spin-1/2 kagome´ Heisenberg
antiferromagnet in the absence of magnetic field. Here the cluster
update algorithm with bond dimension Dc = 17 is adopted. χ (blue
open circle in (a)) and C(T ) (blue open square in (b)) are compared
with those of the fifteenth-order high temperature series expansion
(HTE) (red dash line in (a)) and the sixteenth-order HTE (red dash
line in (b)) under parameters Pade[7,8], respectively. As shown in
the insets, both χ and C exhibit algebraic behaviors at low temper-
atures. These results are calculated by the cluster update algorithm
with Dc = 17.
at low temperatures [the inset of Fig. 2 (a)]. When T → 0,
χ(T ) approaches linearly to a constant 0.13277 which is con-
sistent with the ground state susceptibility χ(0) = 0.1298
given by the slope of the magnetic curve at small h (Fig.
1). This temperature dependent behavior of the susceptibil-
ity resembles the result from the modified spin-wave theory
[58], where the linear T -dependence of χ at T → 0 is ob-
tained for the spin-1/2 Heisenberg antiferromagnet on square
lattice, which has gapless excitations (Goldstone modes) be-
cause it has an antiferromagnetic long-range ordered ground
state. However, we do not find any long-range order in the
spin-1/2 KHA, suggesting that the spin excitations in this sys-
tem could be essentially different from the square Heisenberg
antiferromagnet.
For the specific heat C, a peak appears in the absence of
magnetic field as demonstrated in Fig. 2 (b). The specific heat
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FIG. 3. (Color online) Temperature dependence of (a) susceptibility
χ(T ) and (b) specific heat C(T ) of the spin-1/2 kagome´ Heisenberg
antiferromagnet for various magnetic fields h. At high temperatures,
the susceptibility obeys the Curie-Weiss paramagnetic law. When
temperature goes down to the APL region, it shows a paramagnetic
behavior of the linear dependency of magnetizaion on h/J [inset of
(a)]. The positions of round peaks of C(T ) almost appear at the same
temperature for small h/J, but grow linearly with h when h/J > 1.5.
In the APL phase, C(T ) shows an algebraic behavior [a logarithmic
plot in the inset of (b)]. These results are calculated by the cluster
update algorithm with Dc = 17.
C at high temperatures obtained by TN scheme also coincides
with the results from the sixteenth-order HTE with the param-
eter Pade [7,8] [32, 33]. At low temperatures, C(T ) can be
well fitted by a polynomial function C(T ) = 88.991(T/J)2 −
1991.199(T/J)5/2 + O(T 3) [inset of Fig. 2 (b)]. It suggests
that, when T → 0, we have C(T ) ∼ T 2, which is another
evidence for the gapless QSL [59].
ALGEBRAIC PARAMAGNETIC LIQUID AND
FINITE-TEMPERATURE PHASE DIAGRAM
Under small h, we find that the susceptibility χ and specific
heat C preserve the algebraic properties at low temperatures
(Fig. 3), similar to the ground-state QSL found at h = 0. It is
clear that at high temperatures, it obeys the Curie-Weiss law
[χ−1 ∝ (T/J + 1.4)]. The paramagnetism at low temperatures
is unveiled by the linearly field-dependent magnetization, as
shown in the inset of Fig. 3 (a). Hence, we dub this finite-
temperature phase that possesses both paramagnetic and the
liquid-like algebraic properties as APL. These algebraic prop-
erties indicate that the APL is a liquid-like state at finite tem-
peratures that essentially differs from the conventional param-
agnetic phase. APL can be understood as an intermediate ther-
mal phase that connects the zero-temperature algebraic QSL
to the high-temperature trivial paramagnetic phase. The al-
gebraic behavior of APL is inherited from the algebraic QSL
ground state.
We give the phase diagram in the plane of temperature and
magnetic field as shown in Fig. 4. The phase boundary at rela-
tively higher temperatures (denoted by Tp2, red circles) corre-
sponds to the high-temperature peak ofC(T ). One can see two
different behaviors of Tp2 when h changes. For h/J < 1.5, Tp2
changes very little with h. The peak of C(T ) in this region is
dominated by the low-energy physics inherited from the QSL,
and the insensitivity of its position Tp2 to h is consistent with
the fact that the ground-state QSL has no magnetic momen-
tum to gain or loss energy when h/J changes. Thus, this line
of Tp2 could be regarded as the signature that separates the
APL phase from the trivial paramagnetic phase at high tem-
peratures. Since both the APL and paramagnetic phases have
the same symmetry, there is no conventional phase transition
but a crossover between this two phases.
Moreover, a universal scaling for the specific heat appears
for h/J < 1.5. The scaling equation, C(1 + h/J)α = q0 +
b1(1 + h/J)
β(1 − T
T ∗
), is found in the vicinity of an isosbestic
point T ∗/J = 0.25126. Refer to Supplemental Material for
details. This implies that the phase below this upper boundary
should be dominated by the low-energy physics of the QSL,
which gives rise to a new phase dubbed as the APL. Above this
boundary, we have the high-temperature trivial paramagnetic
phase.
For about 1.5 < h/J < 2.5, Tp2 increases linearly with in-
creasing h, i.e. Tp2 = αh + const with α ≃ 0.45. Note for the
noninteracting spin model Hˆ = h
∑
i Sˆ
z
i
, the cross-over tem-
perature also satisfies a linear relation with h/J with a simi-
lar slope as α′ ≃ 0.43. The difference on the constant inter-
ceptions might be caused by the occurrence of independent
magnons. A direct comparison is given in the Supplemen-
tary Material. For about h/J > 2.5, a change of the inter-
ception occurs and then Tp2 keeps to grow linearly with the
same slope. These suggest that the crossover occurring in this
region is dominated by the high-temperature trivial paramag-
netic states.
We shall stress that for h/J < 1.5, the contribution with
the noninteracting nature should still exist. Since the QSL
dominates here, we cannot directly distinguish in this region
the peak of C for h/J > 1.5. For this reason, we extrapolate
the boundary according to the linear relation to T = 0 (dash
line). This should separate the APL and intermediate phases.
Note that at T = 0, the intercept of the extrapolation is close
to the left boundary of 1/9 plateau.
For the intermediate (spin-canted) phase, it normally ap-
5FIG. 4. (Color online) The phase diagram of the spin-1/2 KHA
in the plane of temperature and magnetic field, which consists of
the phases including gapless quantum spin liquid (QSL), algebraic
paramagnetic liquid, field-induced ordered phase, intermediate (spin
canted) phase, and conventional paramagnetic state. The upper (red
circles) and lower (black squares) phase boundaries are determined
from the high- and low-temperature peaks of the specific heat in dif-
ferent magnetic fields, respectively. The dash line is obtained by
fitting the upper boundary for large fields.
pears between the high-temperature paramagnetic phase and
low-temperature ordered phase of 2D models. The boundary
between the intermediate and the field-induced ordered phases
is given by the positions of the low-temperature peak of C(T )
(denoted by Tp1, see black squares in Fig. 4). This boundary
ends at h/J ≃ 0.8 in the T → 0 limit, which coincides with
the left boundary of the 1/3 plateau phase. In the field-induced
ordered phase (T < Tp1), the magnetization per site remains
nonzero. When T > Tp1, the thermal fluctuations tend to de-
stroy the ordering and restore the broken symmetries, driv-
ing the system into a spin-canted (intermediate) phase. As T
continues to rise, the canted spins will fully restore the sym-
metries and smoothly cross over to the trivial paramagnetic
phase. Meanwhile, the magnetization eventually vanishes for
T > Tp2.
Since the system does not spontaneously break any local
symmetries at T = 0, we observe no conventional phase tran-
sitions at finite temperatures. Note that the finite-temperature
transitions/crossovers of QSL models are still unclear cur-
rently. The phases are distinguished by physical properties
(e.g., peaks of specific heat, susceptibility, etc.), and are con-
nected by cross-overs according to our results. It is also pos-
sible that the transitions might be described by nonlocal order
parameters (e.g., topological orders). Current techniques are
not able to identify this particularly at finite temperatures.
Our work poses an interesting phenomenon. Starting from
h = 0 and T = 0, where the strong quantum fluctuations per-
mit a disordered QSL, the system can be frozen into a solid-
like state by increasing the magnetic field to, e.g., h/J = 1.
The reason is that a larger field suppresses the frustration, re-
ducing the quantum fluctuations. Then by properly increas-
ing temperature to, e.g., T/J = 0.5, the system is melted by
thermal fluctuations, and enters into the APL state that pos-
sesses nontrivial QSL-like properties. Thus, the APL is the
consequence of interplay between quantum and thermal fluc-
tuations. We speculate that the APL phase could generally
emerge after introducing proper thermal fluctuations to a gap-
less QSL.
The finite-temperature data given in our work can be easily
compared with experiments. It is interesting to remark that
our phase diagram is similar to the one suggested by the 17O
NMR measurements in Herbertsmithite in a magnetic field
[27]. Both show an algebraic (QSL and APL) phase and a
solid-like (spin solid or intermediate) phase with similar phase
boundaries. More efforts should be done in future to push nu-
merical calculations to the whole temperature region in exper-
iments.
SUMMARY
By utilizing state-of-the-art tenser network algorithms,
we show that the ground state of the spin-1/2 KHA is a
gapless QSL, which is evidenced by the absence of zero-
magnetization plateau, as well as the algebraic behaviors of
susceptibility and specific heat at low temperatures. By study-
ing the effects of thermal fluctuations on the QSL, we obtain
the phase diagram in the h-T plane, where the five phases
are identified, which are QSL, APL, field-induced ordered
state, canted (intermediate) phase, and high-temperature triv-
ial paramagnetic phase. The APL phase is unveiled to emerge
from both quantum and thermal fluctuations, which possesses
paramagnetic behaviors (the linear field-dependence of mag-
netization) and the QSL-like algebraic properties observed
from the magnetic susceptibility and specific heat. This
present work indicates that even when the QSL at zero tem-
perature can be frozen into a solid state by adding a mag-
netic field, proper thermal fluctuations could “melt” the sys-
tem again into a liquid-like APL state. In addition, the rele-
vance of our phase diagram for the spin-1/2 KHA to the one
suggested experimentally for Herbertsmithite compound in a
magnetic field is also addressed. As the thermodynamic calcu-
lations on the spin-1/2KHA in amagnetic field are still sparse,
our findings would spur more experimental explorations on
this fascinating system, and shed deeper insight on the novel
states of matter.
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